The cosmological holographic principle, which states that the total observable entropy of de Sitter space (including gravitational quanta) is bounded by S < π/H 2 , where H is the expansion rate, is used to estimate the magnitude of quantum-gravitational effects on inflationary perturbations. The constraint is shown to imply that the initial states of the vacua for perturbation modes are not independent, and that field theory is not a reliable tool to study transplanckian effects on mode amplitudes and phases. It is argued that holographic discreteness alters the continuous, random-phase gaussian distribution predicted by standard field theory for fluctuations in the inflaton field that lead to cosmic background anisotropy. A toy model, applied in the context of scalar inflaton perturbations produced during standard slow-roll inflation, and assuming that horizonscale perturbations "freeze out" in discrete steps separated by one bit of observable information, predicts discrete steps in anisotropy separated by ∆T ≈ 10 −10 K. It is conjectured that the Hilbert space of a typical observable perturbation is equivalent to that of no more than about 10 5 binary spins (approximately the inverse of the final scalar metric perturbation amplitude, independent of H and other parameters), and that some manifestations of this discreteness may be observable.
I. INTRODUCTION
The origin of cosmological perturbations now appears to be well understood from the quantum theory of fields in curved spacetime [1] [2] [3] [4] [5] [6] [7] . They originate during inflation as zero point oscillations of the quantum modes of various fields-the inflaton giving rise to scalar perturbations, the graviton to tensor perturbations-that are directly observable today as cosmic background anisotropy [8] [9] [10] [11] [12] [13] [14] [15] . The field quanta in the original fluctuations convert to classical perturbations as they pass through the de Sitter-like event horizon; they are then parametrically amplified by an exponential factor during the many subsequent e-foldings of inflation, creating an enormous number of coherent quanta in phase with the original quantum seed perturbation; these in turn create large scale perturbations in the classical gravitational gauge-invariant potential φ m [16] , leading to observable anisotropy and large scale structure. All stages of this process are under good calculational control, even the conversion of quantum to classical regimes [17] [18] [19] [20] [21] [22] . The phase and amplitude of the modes observed today are a direct result of the quantum field activity during inflation; indeed, the hot and and cold spots of microwave anisotropy on the largest scales correspond to faithfully amplified images of the field configurations as they were during inflation. Roughly speaking, each spot derives originally from about one quantum.
The standard calculation of these processes [23, 24] uses a semiclassical approximation: spacetime is assumed to be classical (not quantized), and the perturbed fields (the inflaton and graviton) are described using relativistic quantum field theory, essentially (in the limit of free massless fields) an infinite collection of quantized harmonic oscillators. The Hilbert space of this system is infinite, so although the fields are quantized, they are continuously variable functions that can assume any values. The creation of the particles can be viewed as an effect of the nonadiabatic expansion, and the "collapse of the wavefunction" can be described as a unitary quantum process of state squeezing. The theory generically predicts random-phase gaussian noise with a continuous spectrum determined by the parameters of the inflaton potential. There is no telltale signature of the quantum origin in the observable classical remnant-the anisotropy of the background radiation.
It has always been acknowledged that this description is incomplete, and will be modified by including a proper account of spacetime quantization. According to a number of arguments counting the fundamental quantum degrees of freedom of spacetimes, the total Hilbert space is finite rather than infinite, which clearly limits the range of field configurations accessible to the system in a way not taken into account by field theory. This paper uses these constraints to estimate where field theory breaks down, the amplitude at which we might expect quantum gravitational discreteness in inflationary fluctuations, and the effective dimension of the Hilbert space for the observable perturbations when they freeze out.
II. HOLOGRAPHIC BOUND ON THE INFORMATION CONTENT OF INFLATIONARY SPACETIMES
Quantitative insights into the Hilbert space of inflationary spacetimes come from the thermodynamics of black holes [25] [26] [27] [28] [29] [30] and de Sitter spacetimes [31] . The black hole entropy derived from thermodynamic reasoning appears to be complete, in the sense that it includes all possible degrees of freedom of mass-energy that make up the hole. If we insist that black holes are quantum mechanical objects that obey unitary evolution, they must somehow encode all the information counted in this entropy, then radiate it to spatial infinity as Hawking quanta as they evaporate [32] [33] [34] [35] . Such considerations led 't Hooft and Susskind to propose [36, 37] a "holographic principle" [38] for any physical system: the total entropy S within any surface is bounded by one quarter of the area A of the surface in Planck units. (Unless otherwise indicated, throughout this paper we adopth = c = G = 1, with Planck mass m P lanck = (hc/G) 1/2 = 1.22 × 10 19 GeV.) This is an "absolute" entropy; the dimension N of the Hilbert space is given by e S , and the total number of distinguishable quantum states available to the system is given by a binary number with n = S/ ln 2 = A/4 ln 2 digits [39] .
The holographic conjecture has been analyzed in a variety of relativistic cosmologies, including de Sitter and anti-de Sitter space [40] [41] [42] [43] [44] [45] . Bousso has extended the holographic conjecture to a cosmological bound [46, 47] : the "observable entropy" of any universe cannot exceed S max = 3π/Λ, where Λ is the cosmological constant in Planck units. In a de Sitter universe, as in a black hole, this corresponds to one quarter of the area of the event horizon in Planck units, but the bound is conjectured to hold for any spacetime, even Friedmann-Robertson-Walker (FRW) universes with matter as well as Λ. In the de Sitter case, which we will adopt as a model for the inflationary spacetime, S max = π/H 2 , where H is the expansion rate.
The observable entropy corresponds to the information contained in a "causal diamond", a spacetime volume bounded by two intersecting light cones, one open in the future direction of the beginning of an experiment and one in the past direction of the end of the experiment. The bound includes all degrees of freedom of all matter fields as well as all quantum degrees of freedom of the spacetime itself. It implies for example, that a number with π/H 2 ln 2 bits is sufficient to specify everything that is going on in a causal diamond of an inflationary universe. We will consider the constraints imposed by the entropy bound on a particular experiment conducted by nature during inflation: the formation of classical perturbations from quantum fluctuations-or equivalently, nonadiabatic particle production and phase wrapping of a highly squeezed field state.
III. INFORMATION CONSTRAINTS ON FIELD MODES DURING INFLATION
We adopt as an idealized model of the inflationary universe a portion of the maximally-symmetric de Sitter spacetime [46, 48] . Figures 1 and 2 illustrate different ways of laying down time and space coordinates on the relevant portions of the spacetime. Usually, the field theory analysis of inflationary perturbations is done with the FRW slicing of de Sitter spacetime, since these space slices map directly onto the space slices of the postinflationary FRW evolution. The metric in this slicing, which covers half of the full de Sitter solution, appears to have flat spatial slices:
The comoving modes have fixed lengths in the Euclidean spatial coordinates x i . Another slicing of the de Sitter spacetime (which resembles an inside-out version of a black hole spacetime in Schwarzschild coordinates) is described by the metric
where
and dΩ 2 is the (2D) angular interval. The event horizon stands at radius r 0 = H −1 , the Bekenstein-Hawking temperature is T BH = (2πr 0 ) −1 , and the event horizon area is
These coordinates cover the entire "causal diamond" accessible to any actual observation by an observer at the origin, comprising a finite spatial region (as opposed to the infinite volume of the FRW slicing). Figure 1 shows a spacetime embedding diagram of this volume with the two slicings in physical units, and figure 2 compares their Penrose diagrams. A null trajectory followed into the distant, highly redshifted past gets very close to the event horizon. The bulk of the information from a typical small patch of space in the distant past ended up getting advected out of the horizon, as well as thinning out due to the expansion. (The full information of a patch only survives from the Planck scale to the horizon for a single Planck-sized patch in the very center of the volume at r = 0). The amount of information accessible at any given time always obeys the holographic bound.
The redshift of a particle one Planck length from the horizon is U 1/2 [(r = r 0 − 1)] ≈ √ 2H; therefore, if one follows a mode of present-day wavelength H −1 back in time, one finds that it is already within a Planck wavelength of the horizon when it is redshifted to a wavelength 2/H, considerably larger than the Planck length. Since this is the regime where we expect quantum-gravitational information mixing among modes, the vacua of the modes will be affected by quantum gravity at a physical mode wavelength much larger than the Planck scale. The "stretched event horizon" of the de Sitter space acts like the event horizon of a black hole, thermalizing the system by allowing (strong gravitational) interactions between modes of different wavelength, so that unitary evolution is not independent for each comoving-wavelength mode; instead their information is mixed.
Consider the holographic constraints on the propagation of physical influences from above the Planck scale. Note that for realistic inflation models with H well below the Planck scale, the maximum observable entropy S max = π/H 2 is always much less than the 3-D de Sitter volume, 4π/3H
3 . This means that the holographic bound precludes information from the super-Planck regime from directly propagating to observable scales: there isn't enough information available in the de Sitter volume to specify the state of every mode on the Planck scale at any given time. Conversely, when any given mode has expanded to the de Sitter scale, much less than one bit of information per de Sitter volume survives from "its own" Planck epoch.
Holography allows at most on average only one bit per mode at a scale λ hol ≈ (λ
; below this scale holography tells us that it is inconsistent to assume that the states of each mode can be specified independently, because there is not enough information available to do so. (Incidentally, this scale is about a fermi today, based on the current estimates of Λ; however this has no effect on any local experiment.) While the effects of superPlanckian physics have been a subject of debate within the field theory framework [49] [50] [51] [52] [53] [54] , this information-counting argument suggests that in these models, any field theory omits an important constraint of spacetime quantization on the fluctuations. Of course, this counting argument does not inform us by what mechanism the holographic constraint intervenes; it could very well be that the initial conditions are for all practical purposes consistent with the usual "adiabatic vacuum" hypothesis.
IV. DISCRETENESS OF COSMIC BACKGROUND ANISOTROPY
A. Minimal discreteness: spacetimes quantized in discrete steps of N The holographic constraint clearly imposes some discreteness on the behavior of an inflationary spacetime. At the very least, if the classical H adjusts itself in such a way that the Hilbert space dimension N (as the fundamental quantity [55] ) is to come out to be an integer, H proceeds through a series of discrete steps with
where N i are integers. For example, nearly exact Planck-scale inflation H = π/ ln(23) = 1.000972 . . . occurs for N = 23. In principle, this property is observable. The pattern of microwave anisotropy on the sky on large scales includes direct images, created by the Sachs-Wolfe effect, of the inflaton perturbations in about 2 rec ≈ 10 4 independent de Sitter volumes, where rec is the angular wavenumber corresponding to the horizon at last scattering. (Below this scale the observed anisotropy is strongly affected by plasma oscillations and propagating modes, so the primordial information is less directly visible). Thus in this example we can observe 10 4 samplings of a process that originally only yielded 23 distinguishable outcomes, and we should be able to discern repeated patterns.
Of course, we cannot yet predict what those patterns are, since we don't know what the states of quantum gravity look like (although Bekenstein [39] has made quantitative conjectures about quantum states of black hole spacetimes). The quantum gravitational discreteness could manifest itself in a very simple way, such as a discrete component to the spectrum of spherical harmonics instead of the continuous gaussian random phase distribution predicted by the field theory approximation; or in a more subtle way, as repeated patterns
on the sky (observable in principle in an inflationary gravitational-wave background) is "only" 10 58 (the inverse solid angle of a comoving Planck patch); therefore if π/H 2 ln(10) ≥ 58, the discrete system becomes indistinguishable from a continuum. Thus we certainly need H ≥ 0.15 for an observable effect.
We know that H during inflation is not nearly this large. Quantum graviton fluctuations lead to classical tensormode perturbations of amplitude h rms ≈ H. This leads to a general upper bound (discussed in more detail below) on the Hubble constant during inflation, from observations of large angular scale background anisotropy, of about H ≤ 10 −5 . The maximum observable de Sitter entropy exceeds S max ≈ 10 10 , which means that the total number of quantum states exceeds exp [10 10 ]. If the number of distinguishable states accessible to an inflaton mode when its wavefunction collapses is this large, the usual continuum approximation would appear to be a good one for all conceivable microwave background observations on large scales.
B. Plausible discreteness: fluctuations quantized in discrete steps of n However, this estimate may be misleading. Holography tells us that the maximum observable total entropy is S max = π/H 2 . This refers to all the degrees of freedom of all fields, but the number of degrees of freedom attached to observable anisotropy may be much smaller than this. Since scalar modes are the dominant source of anisotropy, we should pay special attention to the dynamics of the inflaton field φ. The observability of the discreteness depends on how much of the total information is carried by the inflaton perturbations, and how much degeneracy there is in the fundamental states. The inflaton has a special status among the fields, since it is directly coupled to H and thence to the bound on S. We now proceed with an estimate taking this into account, in the context of a toy model of quantum gravity.
To estimate the graininess associated with holographic constraints on inflaton fluctuations, we consider a very simple toy model, where approximately causal-diamond regions of de Sitter spaces occur in a discrete set of eigenstates of H with splitting ∆H between adjacent levels:
where |H 0 > denotes a reference de Sitter space of with expansion rate H 0 . The secular classical evolution of an inflationary spacetime represents a steady rightward flow, and quantum fluctuations can go in either direction (although the field-theory fluctuations are in general coherent over many of these transitions). This leads to discreteness in observable anisotropy with steps of some amplitude ∆T /T . The key assumption of the toy model is that the background spacetime and horizon-scale fluctuations occur through a sequence of transitions between discrete states, each of which adds (or subtracts) one bit of information to the total maximum observable entropy. That is, instead of the H coming in discrete steps of N as in Eq. (5), it comes in discrete steps of n:
where n i are integers. Once we have assumed discrete steps in H, this ansatz represents a plausible lower bound on the step size required for consistency: if ∆H were smaller, the total entropy increment (in all modes of all fields) would be less than one bit, which is not enough even to include the degree of freedom represented just by the jump in H. The final state is the product of transition operators, the final information the sum of that in the transitions. The change in the dimension of the total Hilbert space for the cumulative effect-including the change in the set of all possible field fluctuations-is still very large, δN = exp[S max ]δS max ; this reflects the cumulative effect of choices made in each new bit. The holographic bound indicates that the Hilbert space is the same size as a collection of n spins; in this model, spacetimes are assumed to exhibit the same discreteness as a discrete integer number of such spins.
To estimate the observable consequences of the toy model, we use the classical dynamics of the inflaton, the bulk of which forms a nearly homogeneous zero-momentum condensate. The classical expectation value φ c of the inflaton field has a unique connection to the entropy through its effect on the spacetime geometry: the effective potential V (φ c ) and de Sitter rate H that controls the total entropy are related via the Friedmann equation,
Therefore, large-scale classical perturbations in the inflaton field are directly mapped onto total observable entropy and also, in the toy model, come in discrete steps. We assume that in the discrete sequence of de Sitter eigenstates, eigenstates of H are also eigenstates of φ c . The background (unperturbed, continuous, classical) behavior, describing the evolution of a homogeneous noninteracting scalar field φ c , is controlled by the classical dynamical equation [24, 56] 
where V ≡ dV /dφ c . We assume for simplicity that the observed modes crossed the inflationary horizon during a standard so-called "slow roll" or Hubble-viscosity-limited phase of inflation, corresponding to V /V ≤ √ 48π and V /V ≤ 24π, during whichφ c ≈ −V /3H. The rate of the roll is much slower than the expansion rate H, so the kinetic term in Eq. (8) can be ignored in for the mean evolution. The slow-roll phase of inflation creates approximately scale-invariant curvature perturbations.
We denote the combination of inflationary parameters controlling the Hilbert space of perturbations by
This combination can be estimated fairly accurately, since it also controls the amplitude of the scalar perturbations observed in the microwave background anisotropy. Adopting the notation of [57] , the anisotropy can be decomposed into scalar and tensor components,
where Q denotes the (global) mean quadrupole anisotropy amplitude, T γ = 2.725 ± 0.002 the mean temperature [57] , and the scalar and tensor contributions S Q and T Q to the mean quadrupole C 2 are given by [56] S Q = 5C
and
using numerical factors for a slow-roll, flat Λ model. The best fit to the four-year COBE/DMR data, assuming scale invariance (n = 1, and T Q = 0), yields [9, 10 ] Q = 18 ± 1.6µK, and hence combining the above,
(Note that if we instead assume S Q = 0, these formulae also yield the upper bound H ≤ 2 × 10 −5 discussed above, from the tensor modes alone.)
During slow-roll inflation, there is a uniform increase in observable entropy at a ratė
Every inflationary e-folding, S max increases by an amount of order 10 10 due just to the classical evolution of the system. (In a time ≈ 10 −10 /H, the total observable entropy changes by about one bit.) The important point, which we will now elaborate, is that the information attached to the observable quantity-the horizon-scale perturbation in the inflaton-is much smaller than this, of order 10 5 . The basic reason is that the horizon-scale perturbations
Now consider the effect of a quantum perturbation in the inflaton field of amplitude δφ, assuming that it behaves like a "frozen in" classical spacetime background. Substituting from the classical slow-roll formulae above, an estimate for the jump in total entropy associated with a horizon-scale perturbation δφ can be directly expressed in terms of the observable quantity Q S ,
The standard field theory analysis for the horizon-size perturbations predicts that as they are frozen in (or squeezed) into a classical state, the quantity [δφ/H] is statistically determined, with a continuous gaussian statistical distribution of order unit width. The corresponding increment δS qf t ≈ (8π
S then is roughly the jump in the total observable cosmological entropy associated with the creation or destruction of a single horizon-scale inflaton quantum.
Therefore, the standard quantum transition corresponding to a typical perturbation yields a total change of no more than about δS qf t ≈ (8π
S ≈ 10 5 in the maximum observable entropy. This is much less than the increase given by Eq. (15) in the total information during an expansion time. Thus the amount of information δS qf t attached to the perturbation in the horizon-size inflaton quantum δφ as it freezes into a classical state is much less than the total growth of information of the spacetime during the same time, of order Q
S . This may be enough to produce a detectable level of discreteness.
Is this story consistent with the more general ideas that motivated holography in the first place? The naiive assumption in our toy model is that the dimension of the observable Hilbert space changes by one bit with the binary choice corresponding to a transition to a new de Sitter eigenstate. This does not square well with the idea of preserving overall unitary evolution so this cannot be quite the whole story, but we press on. The various modes much smaller than the horizon have their accessible Hilbert space changed due to a quantum fluctuation on the horizon scale. Consistent with the holographic conjecture, modes of different scales do not have independent unitary evolution. More than that, from the point of view of an observer at rest in the center of a "δφ patch," much of the incremental information attached to δφ appears in modes much smaller than H −1 -the short-wavelength modes close to the stretched event horizon that are still having their vacuum initial states formed, and only later expand to the horizon scale. Much of the "new" information represented by δS tot must be available to modes near the stretched event horizon as viewed by any given observer-modes which are much smaller than H −1 . Thus it makes sense that the information available to the horizon-scale fluctuations is much smaller than S max .
C. Toy Model of Anisotropy with Discrete Levels of T
It is useful to delve into some more detail with a more concrete, albeit unrealistic, toy model for discreteness in the perturbations. Suppose that the possible values of the horizon-size inflaton perturbation δφ are selected from a discrete set of levels separated by some step size ∆φ. The incremental observable information made available by the transition between levels is ∆S tot = 8π
including all the degrees of freedom of all the fields, not just the inflaton. We now assert that jumps in δφ occur in steps of at least a certain minimum size ∆φ, such that ∆S tot ≥ ln 2 (that is, a change of at least one bit in total observable entropy). This leads to a definite minimum step size,
As above, this ansatz seems necessary for consistency: a step at least this large is needed just to specify the degree of freedom represented by the ∆φ transition itself.
Taking this model literally and assuming subsequent linear classical evolution, this discreteness of the field amplitudes leads to a discrete set of values for the curvature perturbation (e.g., Bardeen's [16] φ m ), and therefore the observed temperature perturbation δT , which is largely determined by this quantity via the Sachs-Wolfe effect. The discrete jumps are smaller than the total standard predicted perturbation amplitude by about the factor
That is, the amplitude of the anisotropy on the sky, instead of coming from a continuous distribution (with variance ≈ Q 2 contributed by fluctuations in each octave of angular wavenumber), comes from a discrete distribution, with values of T formed by a sum of discrete increments of order ∆T , where
The amplitude difference at which the discreteness appears is about
V. OBSERVATIONS?
The toy-model results should not be taken as a literal physical prediction of the character of the discreteness; such a prediction would require understanding of the true eigenmodes of the system. We do not know from these arguments what their detailed character is, or how they might be manifested in the A m spectrum of the anisotropy. (For this reason, we have also glossed over the facts that observed anisotropy is a superposition of modes from different comoving scales, and that these are increasingly affected, on scales smaller than the quadrupole, by propagation effects before, during and after recombination that modify the primordial signal [15] ).
The analyis above does however highlight several new and unexpected features that might apply to the real-world discreteness: (1) The characteristic fractional amplitude of the inflaton perturbation discreteness is not exponentially small, but is comparable to the overall scalar perturbation amplitude. (2) The information in a typical horizon-scale perturbation does not depend explicitly on unknown parameters such as the values of H or V , except through the observable combination Q S . (3) The holographic counting arguments suggest that an inflaton perturbation at the time it "freezes out" has a Hilbert space equivalent to only about 10 5 binary spins. We therefore conjecture that the theory incorporating the true eigenmodes may predict some (unspecified) kind of discreteness corresponding to less than about 10 5 bits of information per mode. The observability of discreteness depends greatly on how it is manifested. To choose a somewhat silly example, suppose that rather than occuring in ≈ 10 5 discrete levels of amplitude, a perturbation is composed of ≈ 10 5 discrete binary pixels on the sky. This level of pixelation in the quadrupole modes (say) would not be erased by transport effects at recombination, which propagate on a comparable angular scale (for example, the angular wavenumber of the first "acoustic peak" in the angular power spectrum C 2 is at ≈ 200, corresponding to 2 ≈ 4 × 10 4 pixels). With discreteness encoded this way, each pixel might be either hot or cold, δT /T = ±1 × 10 −5 (say). Intermediate gray levels would appear as a checkerboard pattern of alternating hot and cold pixels on a scale of about a degree of arc. Such a pattern would be very conspicuous in the current data, even allowing for the complication that it would be superimposed on approximately gaussian noise from smaller scale modes of comparable overall amplitude.
Although it could be that observations of real holographic discretness are impractical, the possibility of finding such a qualitatively new effect motivates a search in the microwave background data for discrete behavior, in either the amplitudes or the multipole phases. Some tests are straightforward; for example, a histogram of A m amplitudes normalized to a best-fit smooth C spectrum might show statistically significant departures from a gaussian distribution. These discreteness effects are qualititively different from (and have a more distinctively quantum character than) other possible new effects, for example string-theory-inspired predictions [53, 58] of departures from standard inflationary theory for the tensor and scalar power spectra. However, if the level of discreteness is as small as ∆T /T ≈ 10 −10 , and appears only as discrete levels of Sachs-Wolfe amplitude (say), plasma motions during recombination, as well as nonlinear couplings, are likely to smear out all the observable traces of primordial discreteness even on the largest scales. Fig. (1) . The shaded region corresponds to the observable region shown in Fig. (1) (the whole region described by Eq. (2)).
